









































Two-point functions in 4D dynamical
triangulation




Institute for Theoretical Physics, University of Amsterdam
Valckenierstraat 65, 1018 XE Amsterdam, the Netherlands.
March 2, 1995
Abstract
In the dynamical triangulation model of 4D euclidean quan-
tum gravity we measure two-point functions of the scalar curva-
ture as a function of the geodesic distance. To get the correlations
it turns out that we need to subtract a squared one-point function
which, although this seems paradoxical, depends on the distance.
At the transition and in the elongated phase we observe a power
law behaviour, while in the crumpled phase we cannot nd a






In the dynamical triangulation model of four dimensional euclidean quantum
gravity the path integral over metrics on a certain manifold is dened by a
weighted sum over all ways to glue four-simplices together at the faces [1, 2].
This idea was rst formulated in [3], using hypercubes instead of simplices.













The sum is over all ways to glue N four-simplices together, such that the
resulting complex has some xed topology which is usually (as well as in




are the number of i-simplices in this
complex. 
2
is a coupling constant which is proportional to the inverse of






It turns out that the model has two phases. For low 
2
the system is in
a crumpled phase, where the average number of simplices around a vertex is
large and the average distance between two simplices is small. In this phase
the volume within a distance r appears to increase exponentially with r, a
behaviour like that of a space with constant negative curvature. At high 
2
the system is in an elongated phase and resembles a branched polymer. As is
the case with a branched polymer, the (large scale) internal fractal dimension




depends somewhat on N . This transition appears to be a continuous one,
making a continuum limit possible [4, 5, 6]. At the transition, the space
behaves in several respects like the four dimensional sphere [7].
2 Curvature and volume
In the Regge discretization of general relativity, all the simplices are pieces of
at space. The curvature is concentrated on the subsimplices of codimension
two, in our case the triangles. On these triangles it is proportional to a two
dimensional delta function. From the denition of curvature as the rotation
of a parallel transported vector, one can nd the integrated curvature over a
small region V
















is the area of the triangle and 
4
is the decit angle around the
triangle (see e.g. [8]). The decit angle around a triangle is the angle which









where fS(4)g are the simplices around the triangle and 
d
is the angle be-
tween those two faces of the simplex that border the triangle. The angle 
4
can be negative.
In dynamical triangulation, all the simplices have the same size and shape
and the decit angle is a simple function of the number n
4
of simplices around












where  is the angle between two faces of a simplex, which for D dimensions




is the now constant area of a two simplex.
For each triangle we can dene a local four volume that belongs to the
triangle by assigning that part of each adjoining simplex to it which is closer
to the triangle than to any other. For equal simplices, this just results in
V
4
=10 per adjoining simplex with V
4
the volume of a four simplex. In other
















(4) is the region of space associated to that triangle. It is not clear
what V
4
would mean in the continuum limit. We dene it here mainly to
compare our results with other work on simplicial quantum gravity.
If we view the delta function curvature as the average of a constant cur-
vature over the region 













Because neither a constant term nor a constant factor is important for
the behaviour of correlation functions, we will in the rest of this paper for














One of the interesting aspects of the dynamical triangulation model one can
investigate is the behaviour of two-point functions of local observables. In
continuum language, such a correlation function of a local observable O(x)



































where d(x; y) is the geodesic distance between the points x and y for a given
metric g

. In other words, for each conguration (i.e. for each metric) we
average over all pairs of points that have geodesic distance d. Obviously, it
makes little sense to dene such a correlation function for two xed points
x and y. Because of general coordinate invariance, such a correlation could
only depend on whether x and y coincide or not.





























In gure 1 we have plotted the correlation function of the curvature, with
the square of its expectation value subtracted. Most of the data in this
paper are for a volume N = 16000 simplices. The values of 
2
correspond
to a system in the crumpled phase (
2
= 0:8), near (but slightly below) the
transition (
2
= 1:22) and in the elongated phase (
2
= 1:5).
Congurations were recorded every 10000 sweeps, where a sweep is de-
ned as a number of accepted moves equal to the number of simplices N .
For 
2























Figure 1: The correlation function hRRi(d)   hRi
2
for various values of 
2
.
We dene the geodesic distance between two triangles as the smallest
number of steps between neighbouring triangles needed to get from one to
the other. For this purpose, we dene two triangles to be neighbours if
they are subsimplices of the same four-simplex and share an edge. Other
denitions of neighbour are conceivable. One such a denition would be to
dene two triangles to be neighbours if they share an edge, irrespective of
whether they are in the same simplex. The one we use has the advantage
that it is quite narrow and therefore results in larger distances.
One thing is immediately striking, the correlation functions do not go
to zero at long distances. To keep the short distance behaviour visible, the
full range in the elongated phase has not been plotted, but we already see
that also in this phase it crosses the zero axis and indeed this curve does
eventually go to large ( 0:02) positive values.
The local volume V
4
is proportional to the number of simplices n
i
around




















Figure 2: The correlation function hnni(d)   hni
2
for various values of 
2
.
same as the scalar curvature. At rst sight, one would therefore expect them
to have the same behaviour. If one is positively correlated, the other one
would also be positively correlated. Figure 2 shows the correlation of n.
We see that quite the opposite is true. With few exceptions, n is positively
correlated where R = n
 1
is negatively correlated and vice versa.
This behaviour is similar to that reported for the Regge calculus formu-
lation of simplicial quantum gravity in [9]. There it is also found that the
curvature correlations are positive and the volume correlations negative at
large distances.
This dierence in behaviour can be explained intuitively as follows. Be-
cause triangles with large n have more neighbours, any random triangle will
have a large chance to be close to a point with large n and a small change to
be close to a point with small n. So whatever the value of n at the origin, the
points nearby have large n and the points far away have small n. The aver-

























Because large n means small R, the situation is reversed if we substitute R
for n in this discussion, qualitatively explaining gs. 1 and 2.
At rst sight one might conclude from this explanation that a point with
large n having many neighbours is just an artefact of the model. This is not
true, however. Large n corresponds to large negative curvature and also in the
continuum a point with large negative curvature has a larger neighbourhood.
To be more precise, the volume of d-dimensional space within a radius r
around a point with scalar curvature R equals














The above reasoning leads us to the somewhat unusual concept of a correla-
tion function which does not depend on some observable at the origin. We















where x and y denote a triangle. In the more usual case of a quantum eld
theory on at space this could never depend on the distance, but here it does.
The reason is that we correlate functions of the geometry with the distance,
which is itself a function of the geometry.
Figure 3 shows this correlation function. No average has been subtracted.
The behaviour of this one-point function turns out to be very similar to that
of the curvature correlation in gure 1. This correlation function again shows
that any particular point has a large chance to be in the neighbourhood of a
point with low curvature, which can be simply explained with the fact that
points with low curvature have more neighbourhood.
The same plot for n (not shown) shows the opposite behaviour. At small
distances it is larger than average, while at large distances it is smaller than
average. This is rather obvious, because where n is large, its inverse is small
and vice versa.
We can now investigate how much of the curvature correlation shown of
gure 1 is due to this eect. Figure 4 compares the curvature correlation
hRRi(d) with the square of this one-point function. We see that, except at
small distances, the two are indistinguishable on this scale. In other words, we
have not been measuring any curvature correlations. All we have measured
are correlations between the curvature and the geodesic distance.
It is now easy to explain the dierence in behaviour between the curvature
and the volume correlations. Because they are almost equal to the square of
hRi(d) and hni(d) respectively, they behave just like them. And as we just
mentioned it is easy to understand that these have opposite behaviours.
The way to go now is to subtract the two things and see what real cur-
vature correlations are left. This is similar to subtracting a disconnected
























Figure 4: Comparison between the correlation function hRRi(d) (upper
curves of each pair) and the squared one-point function hRi(d)
2
(lower curves)











(d) = hnni(d)   hni(d)
2
(16)
The results for the curvature are plotted in gure 5 and those for the volume
in gure 6. The errorbars were found by a jackknifemethod, each time leaving





both correlations behave almost exactly the same. Note the large dierence
in scale between these gures and gures 1 and 2.
In the crumpled phase we were not able to t C
R
(d) to a simple function.
This is probably due to the fact that we cannot reach very large distances
in this phase. Near the transition however it is possible to t the correlation

















Figure 5: Corrected correlation function C
R
(d) at various values of 
2
.
gure 7. In the region 9  d  18 it ts nicely to ax
b
with the result
a =  0:5(2) (17)
b =  4:0(2) (18)

2
= 5 at 8 d.o.f. (19)
This data was made at a volume of 32000 simplices, with 
2
= 1:255. We
used 65 congurations, which were recorded each 5000 sweeps.
This result should be taken with caution, however. One would really like
to have a good t over a larger range. To get some idea of the typical ranges















is the number of triangles of the conguration. The corresponding


















Figure 6: Corrected correlation function C
V
(d) at various values of 
2
.
in [7]. The value of d
m
, which is that d for which N
0
(d) has its maximum,
is an indication of the distance at which nite size eects might become
important. At 
2
= 1:255, this d
m
is only 11, indicating that nite size
eects might play a role in the power that was measured.
The situation is even better far in the elongated phase. Here a power law
ts well, as can be seen in gure 8. This t was done to the points 3  d  15
and the parameters of this t are
a =  0:0038(1) (21)
b =  2:56(3) (22)

2
= 17 at 11 d.o.f. (23)
The value of d with maximum number of triangles was 32, so in this case we
are in a region of small distances compared to the system size. This data
was made from 23 congurations of 32000 simplices. We have also tted










Figure 7: Power law t to curvature correlation C
R
(d) near the phase tran-
sition at N
4
= 32000 and 
2
= 1:255.
16000 simplices. The power that emerged was within the errors equal to the
one given above.
5 Discussion
We have investigated the behaviour of the curvature and volume correlation
functions. It turned out that the naive correlation functions could be almost
entirely described by a \disconnected part", which we therefore subtracted.
The dierence turns out to behave according to a power law in the elongated
phase and near the transition. In the latter case the power is close to four,
which is reminiscent of two graviton exchange.
In a previous paper [7] we explored the possibility of a semiclassical region
near the transition, in which the system behaves like a four-sphere for not too











Figure 8: Power law t to curvature correlation C
R






near the transition the following picture emerged. At small
distances, this eective curvature is large, indicating a Planckian regime. At
intermediate distances there seems to be a semiclassical regime, where the
space behaves like a four-sphere. The uctuations around this approximate
S
4
might then correspond to gravitons. We consider it therefore encouraging
that the power b in (18) is compatible with four.
For the volumes in current use, the eective curvature shows that the





geodesic distance through the simplices where the number of simplices N
0
(r)
has its maximum. We expect this fraction to go down at larger volumes.
Similarly, 2=3 of d
m
turns out to be the distance where the curvature corre-
lations start to behave like d
 4
. We like to think of this as a conrmation of
the point of view sketched above.
Two-point functions of curvature and volume have been studied in the
13
Regge calculus formulation of simplicial quantum gravity in refs. [9, 10]. In
these studies there are only results in what is called the well-dened phase
of the Regge calculus approach, which corresponds to our crumpled phase.
This makes it hard to do more than the qualitative comparison which was
done in section 3.
The curvature correlations have also been investigated in the continuum.
In [11] a theory is developed for the conformal factor in four-dimensional
quantum gravity and from this the curvature correlation is calculated. The
conformally invariant phase discussed in [11] seems to correspond to the
elongated phase in the dynamical triangulation model. Intuitively, this can
be understood by visualizing large uctuations in the conformal factor as
generating many baby universes. Many baby universes is also a feature of
the branched polymer like elongated phase of simplicial quantum gravity
[12]. Furthermore, the conformally invariant phase would occur at very large
distance scales. In [7] we argued that the elongated phase also describes
scales which are large compared to a typical physical curvature scale. In
this conformally invariant phase a power law is predicted for the curvature
correlations (see also [13]). Unfortunately, a direct comparison with [11, 13]
is not possible because in the continuum the correlation function is dened
as a function of the distance in a xed ducial metric, a quantity that is not
yet dened in our model.
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